By considering the functionality of junctions and entanglements of polymer chains for polyelectrolyte gels, a new free energy density function is presented via combining Edwards-Vilgis slip-link model with Flory-Huggins theory. On this basis, the effects of the functionality of network junctions and entanglements of polymer chains are systematically analyzed for free swelling of a cubic polyelectrolyte gel and constrained swelling of a blanket layer of the gel. Analytical results show that the functionality of junctions and chains entanglements plays an important role in the coupled chemomechanical deformation of polyelectrolyte gels.
Introduction
As a kind of soft active material, the polyelectrolyte gel is constructed by cross-linked polymer network with ionizable groups and interstitial solvent containing anions and cations. Polyelectrolyte gels have an ability to imbibe large amounts of solvents, leading to their wide applications in many fields, such as biomedical devices [1] , drug-delivery systems [2] , tissue engineering [3] , and healthcare situation [4] . Due to the responsiveness to various environmental stimuli, polyelectrolyte gel can be applied as a promising candidate material in sensors and actuators [5, 6] .
The issue on the chemomechanical behavior of the gel is attracting wide attention. Among the pioneers in studying the polymer gels, Flory and Rehner [7] formulated an explicit free energy density function for gels by taking into account the stretching of the polymer network and the mixing of polymer network and solvent. The classical Flory-Rehner model is still being widely used to study chemomechanical behaviors of gels [8] [9] [10] . However, in this model, the free energy of stretching polymer networks is simply described by NeoHookean model where the effects of junction functionality of cross-links and entanglements of polymer chains are not considered. It should be noted that chain entanglements usually exist in nonideal gels because of the uncrossability of polymer chains. The uncross-linked chains are also called slip-links whose entanglements are inevitably produced in preparation of real gels. In view of this issue, Yan and Jin [11] established a hybrid free energy density function for neutral gels by combining Edwards-Vilgis slip-link model [12] of stretching polymer networks with Flory-Huggins theory characterizing the mixing of polymer and solvent. To further examine the effects of the functionality of junctions of the cross-links, Yang et al. [13] constructed a new hybrid free energy density function to investigate the chemomechanical behaviors of polymer gels by several examples. However, their model is restricted to neutral gels. The effects of junction functionality and chain entanglements on the polyelectrolyte gels remain to be resolved.
In the present work, a new hybrid free energy density function is formulated for polyelectrolyte gels through combining Edwards-Vilgis slip-link model [12] of network elasticity with Flory-Huggins model [7] of the network and solution. On this basis, the free swelling and constrained swelling behaviors of the polyelectrolyte gel are analyzed. By comparing with the previous model, the importance of junction functionality and entanglements in polyelectrolyte gels is identified. 
Hybrid Free Energy Function and Constitutive Equations of the Polyelectrolyte Gels
According to Flory-Huggins polymer solution theory, the free energy of a polyelectrolyte gel originates in three molecular processes: stretching of the polymer network, mixing of the networks and the solvents, and mixing of the solvents and mobile ions. We assume that the ionizable groups on the polymer chains do not dissociate and the fixed charge on the chains is constant. Following prior work [13] [14] [15] [16] , the total Helmholtz free energy density can be given as
where stretch is the stretching free energy contribution of the polymer networks, mix is the mixing free energy contribution of the polymer networks and solvents, and ion is associated with the mixing of solvents and mobile ions. It should be noted that, for the polyelectrolyte gel with dilute solution and weakly charged polymer networks, the ion concentrations of the solution and the density of the fixed charge bound on the polymer networks are relatively low. Therefore, the electrostatic interactions of the ions and fixed charges on the polymer chains are neglected compared to the above-mentioned free energy contribution. For the elastic free energy of stretching networks, we utilize the Edwards-Vilgis slip-link model to incorporate the effects of chain entanglements. The slippage mechanism of the slip-link is illustrated in Figure 1 . Two different chains can be joined with a link through sliding a distance along the contour of chains.
In this model, the energy contribution due to the network stretching can be formulated as [12] 
where is the mole number of the cross-linked polymer chains;
is the universal gas constant; is the absolute temperature; ( = 1, 2, 3) are the stretches in principal direction; is the junction functionality of the cross-links; is the swelling ratio of the gel; denotes the mole number of the slip-links; is the slippage parameter.
The free energy of mixing the polymer networks and the solvents can be given as
where and are, respectively, the molar volume and mole number of the solvent molecules and is the Flory parameter characterizing the interaction between the solvent and the polymer. As mentioned above, the concentrations of the ions and the fixed charge bound on the polymer networks are assumed to be relatively low, and the ion electrostatic interactions in the gel are generally ignored [14] . In this situation, ion is dominated by the mixing entropy of the solvents and ionic species [16] . Consider According to Hong et al. [8] , we introduce an assumption that the polymer chains and species component are individually incompressible. Furthermore, in the case of polyelectrolyte gels, the concentrations of ions are assumed to be much lower than those of the solvents [15] . As a condensed matter, the gel has negligible void space, and its volume can be given as the sum of the volume of the dry polymer network and that of the solvents; that is,
To take the solvent chemical potential as the independent variable, we naturally introduce another free energy density function by using a Legendre transformation:
For the general deformations under complex mechanical loadings, (6) can be written in terms of principal invariants ( = 1, 2, 3). In the framework of nonlinear continuum mechanics, let F be the deformation gradient tensor of a body subjected to mechanical loading, C = F F; then the first, second, and third principal invariants of C are expressed, respectively, as
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Substituting (2)- (4) into (1) and (6) and using (5) and (7), we obtain the free energy function̂as follows:
It is readily found that function (8) is singular when the gel is in dry state; that is, = 1. To overcome this, we take the swollen state of the gel as a reference state, where the initial equilibrium between the mechanical stretching and chemical mixing is reached without external mechanical loads and constraints. Relative to the dry state, the gel in this state freely swells with a stretch 0 ; therefore the initial deformation gradient F 0 in the referenced state can be expressed as
Choosing the initially swollen state as a reference state, the deformation gradient F from the dry state to the current state is
where F is the deformation gradient from the initially swollen state to the current state. Correspondingly, the right Cauchy-Green tensor can be given as C = F F . Recalling the definition of free energy density in the reference state, we have the following relationship:
Substituting (8) and (10) into (11), we obtain 
where 1 = tr C , 2 = tr C 2 , and = det F . As observed in (12) , the stretching part of the free energy relates to the junction functionality of the cross-links. For a polymer network with any connectivity, the functionality generally satisfies > 2. It is emphasized that the junction functionality and the entanglements of chains were neglected in many previous studies [7] [8] [9] [10] .
It should be pointed out that, at the initially swollen state of the polyelectrolyte gel, the nominal stress vanishes. Accordingly, the derivative of (8) with respect to equals zero, leading to the relationship between initial stretch 0 and the initial chemical potential 0 :
0 ) (
For the external solution which is supposed to be ideal dilute solution, the chemical potential 0 of the solvent is given by [13] 
where ( = +, −) denotes the concentration of mobile ion in the surrounding solution.
For simplicity, we assume that the mobile ions are monovalent. Moreover, the condition of electroneutrality is supposed to be satisfied both in the polyelectrolyte gel and in the surrounding solution; therefore
where ( = +, −) is the concentration of ion per unit solution volume inside the polyelectrolyte gel and fc and fc are the valence and the fixed charge density on the chains, respectively. In the equilibrium state, the chemical potential of mobile ions inside and outside the gel is identical. Recalling the conditions of mass conservation and electroneutrality, we have
It is important to point out that and fc are the nominal concentration of the internal mobile ion and the nominal density of the fixed charges, respectively. It is readily observed that the initially swollen polyelectrolyte gel can be viewed as a hyperelastic material. In the framework of nonlinear continuum mechanics, we introduce the first Piola-Kirchhoff stress tensor, S, which is expressed as
Neglecting the body force, the mechanical governing equation in equilibrium state satisfies
where Div represents the divergence operator. Let denote the Cauchy stress tensor; then and S are connected by = −1 SF .
Analytical Results
In this section, two examples of homogeneous deformations of polyelectrolyte gel are analyzed by utilizing the developed hybrid free energy density function, and the effects of microstructural parameters on the chemomechanical behavior of the gel are addressed. For convenience, the molar concentrations of mobile ions in the surrounding solution are normalized by 1/ , and the stress is normalized by / . Several dimensionless parameters, , , , , , and fc , are involved in the proposed free energy density function. For the polyelectrolyte gels, ( + ) generally has the range of 10 −4 -10 −1 , and the values of and are both taken in the allowable range of 0.1-0.5.
Free Swelling of a Cubic Polyelectrolyte Gel.
When immersed in an external solution, a cubic polyelectrolyte gel subject to no external mechanical loads and constraints may swell freely until the equilibrium of the migrations of solvents and mobile ions is achieved. At this point, the chemical potential of the interior solvent is identical to that of the exterior solvent. While the ion concentrations of the external solution experience changes, the polyelectrolyte gel can swell or shrink due to the migrations of mobile species. In these circumstances, the stretch 0 of the gel can be related to the ion concentration of the external solution by (13) and (14) . We define a parameter = /( + ) to characterize the volume ratio of the slip-links in the total networks of the polyelectrolyte gel. Through a systematic calculation for different material parameters , , , and fc , the elongation 0 of the cubic gel with respect to the dry state is plotted against the ion concentrations of the external solution in Figures 2(a)-2(d) .
It can be found from Figure 2 that the elongation 0 of the polyelectrolyte gel is directly dependent on the external ion concentration. When the ion concentration decreases, the swelling ratio of the gel increases in a nonlinear manner. Moreover, the microstructural parameters have important effects on the swelling deformation of the polyelectrolyte gel. For instance, in the dilute case of the external solution where the ion concentration is relatively small, the decreasing junction functionality induces the increasing swelling ratio of the gel. This variation trend is relatively strong for the case of high concentration of polymer links. The results from Hong et al. [8] and Duda et al. [9] are also plotted for comparison. It can be found in Figures 2(a1)-2(a2) , for the general polyelectrolyte gel, that the results are overestimated by Hong's model and underestimated by Duda's model. It is needed to note that the effects of junction functionality of polyelectrolyte gels on free swelling are similar to those of neutral gels [13] . For the effects of material parameters and , when the external ion concentration holds to be dilute, the higher value of corresponds to the lower stretch, but for , the opposite is true. While the external ion concentration is relatively large, the gel swells less and the effects of , , and are negligible. It can be also observed that the high fixed charge density suppresses the swelling of the polyelectrolyte gel. Generally, when the solution is very dilute, the induced swelling deformation of the polyelectrolyte gel is large, and the effects of the microstructural parameters are not neglected, especially for the case of high concentration of polymer links.
Constrained Swelling of a Blanket Layer of Polyelectrolyte
Gel. Following Hong et al. [17] and Yang et al. [13] , a layer of a polyelectrolyte gel tied to a rigid substrate is further considered, and the initial stretch of the gel is assumed to be 0 = 1.5. Then subsequently, the gel is immersed in a solution with different ion concentrations. Due to the constraint of the substrate, the gel layer swells or shrinks to a stretch along the normal direction of the blanket gel layer and achieves another equilibrium state with equal-biaxial stress, as shown in Figure 3 .
The stress normal to the blanket layer vanishes, and we have
where the two in-plane stretches hold to be the initial value 0 due to the confinement by the rigid substrate, whereas the out-of-plane stretch can undergo variations with the external ion concentrations of the solution. The normalized in-plane biaxial stress can be expressed as
With the use of (19), we plot the stretch normal to the blanket layer against the ion concentrations of the external solution for different values of microstructural parameters, as shown in Figure 4 . Similar to the free swelling, the higher value of the functionality causes the blanket gel layer to swell less in the normal direction of the layer, and the effect is significant especially for the case of high concentration of the polymer links. It is interesting to note that the effect of the volume ratio of slip-links depends on the concentration of polymer links. When the value of ( + ) is relatively small, the high value of can induce the large normal stretch of the gel layer in the case of dilute solution. However, when the concentration of polymer links is sufficiently high, a critical value of can be found as shown in Figure 4 (b2). When the external ion concentration is lower than the critical value, the normal stretch of the gel layer increases with the increase of the value of , but when the external ion concentration is higher than the critical value, the normal stretch decreases with the increase of the value of . The effects of the parameter are similar to the free swelling case. The gel layer swells less along the normal direction when is lower, and the effect is quite significant for the case of the external dilute solution and the high concentration of the polymer links, as shown in Figure 4 (c2). Similar to the case of free swelling, Figure 4(d) shows that the higher fixed charge density induces the lower normal stretch of the blanket layer of a polyelectrolyte gel.
Upon chemomechanical deformation, an in-plane compressive stress is induced in the blanket layer of the polyelectrolyte gel due to the constraint of the rigid substrate. According to (20), the normalized equal-biaxial compressive stress curve against the ion concentrations of the external solution for different values of microstructural parameters is plotted as shown in Figure 5 . It can be readily observed that the micromechanical parameters have significant impact on the produced equal-biaxial stress, especially when the gel has the large concentration of polymer links.
Conclusions
Considering the junction functionality and the chain entanglement, a new hybrid free energy density function for polyelectrolyte gels has been formulated with neglecting the electrostatic interactions of the ions and fixed charges and the chemomechanical equilibrium model has been established. The analytical method has been employed to investigate the effects of microstructural parameters on the chemomechanical behaviors of the polyelectrolyte gels. Analytical results show that the junction functionality and the chain entanglements have important effects on the chemomechanical behavior of the polyelectrolyte gels with large concentration of polymer chains. The proposed free energy density function and the corresponding material model will be implemented in the finite element analysis package Abaqus using a userdefined subroutine as a part of future work and will provide a useful tool to model diverse phenomena in polyelectrolyte gels, such as inhomogeneous large deformation, contact, and swell-induced surface instability.
